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Abstract The static isotropic metric of Schwarzschild solution of Einstein equation cannot cover 
with the range of 
2
2
c
MGr < , a new isotropic metric of Schwarzschild solution is obtained. The 
new isotropic metric has the characters: (1) It is dynamic and periodic. (2) It has infinite 
singularities of the spacetime. (3) It cannot cover with the range of 00 rr << ; On the other hand, 
 can be small discretionarily. (4) It seemed as if the range of negative r could be unavoidable, 
although this range is meaningless for the Schwarzschild metric. 
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1 Presentment of the question 
As well known, the Schwarzschild metric 
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can be changed to the static isotropic metric[1] 
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by the coordinate transform 
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However, if we write the above transform into the following form 
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we can see obviously that the transform (3) holds only when 
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On the other hand, we can prove directly the above conclusion from (3). According to the 
basic inequality abba 2≥+  (a>0, b>0), we have 
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This conclusion means that the static isotropic metric expressed by (2) cannot cover with the 
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In this paper, we try to seek a coordinate transform 
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this transform can change the Schwarzschild metric expressed by (1) into the following form of 
isotropic metric: 
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For this purpose, inserting (4) into (1) and comparing with (5), we obtain the equations that the 
coordinate transform (4) must satisfy: 
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We can prove easily that, if (6) holds whatever 2
2
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MGr <  or 
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MGr ≥ , then 
This means that what we shall obtain is a dynamic metric.  .0 and ,0 ,0 ,0 ≠′≠′≠′≠′ σρσρ rrtt
 
2  The process of the calculation 
For the sake of brevity, we set: 
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then (6) is changed into the simpler form: 
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    In next process of calculation, we only list the main steps and results. 
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we obtain: 
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Inserting (13) into (10), we have 
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Inserting (13) into (9), or inserting (14) into (8), and considering one of (4): Rr ρ= , we obtain: 
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Thus, the discussion for (8) ~ (10) is changed to that for (13) ~ (15). 
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On the other hand, from (15) we have 
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This equation can be written to the following form: 
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Calculating the integral of (17), we obtain: 
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(2), we therefore set . Without lost universality, from (19) we have )(0 σC ≡ D
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Now (18) can be written the following form: 
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For  we can prove easily 0r
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The condition that the right expression of (21)  asks that the range of r is , 
i.e., , this means that the dynamic metric what we shall obtain finally cannot cover with 
the range of ; On the other hand,  can be small discretionarily if and only if |D| is big 
enough. 
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And, also from (21), other allowable the range of r is 0<<−∞ r . Of course, this range is 
meaningless for the Schwarzschild metric expressed by (1). 
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Based on (26), (21) can be written to the following form: ( )[ ]
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According to the standard theory of elliptic functions[2,3] we take the transformation of 
variable 
u
uAA
rr
Arr
Arr
u −
+=+
−= +−
+
−
1
  , 0
0
0 ;                        (28) 
Note that  
−
+
−
+
−
−
+ ≤≤=+
−=−
−
1
1
1
1
1
u
A
A
A
A
λ
λ
 ,  for  ∞<≤ rr0 .               (29) 
 4
(27) is changed to the form 











 −+






−+



−
−=′
+
−
+
−
+
−−+
−+
−+
2
2
2
22
2
2
0
222  )( 
1
)(
A
A
u
A
A
uAArDu λ
λ
λλ
λλρ ρ .     (30) 
And, further, according to the standard theory of elliptic function[2,3] , we take the 
transformation of variable 
( )
2
2
2
1
/
v
AA
u −=
+− ,                             (31) 
(30) is changed to the standard Jacobian form ( )( )222222 1 1 )( vkvAv −−=′ρρ ,                      (32) 
where 











−=++=











 −+


+



−
−=
++


 +++

 +++
=−
−=
+
−
+
−−+
−+
−+
−+
−
,  
23
1  13    
1)(
1
,
1  13 22
13 13 1 13
0
4
04 2
0
24 2
0
2
22
2
2
2
0
2
4 2
0
24 2
0
2
2
0
22
0
22
0
22
0
2
r
r
rDrD
A
A
AArDA
rDrD
rDrDrDrD
k
λ
λ
λλ
λλ
λλ
λ
     (33) 
where the formula 
0
02
0
2 1
r
r
rD
−=  is used, and we can prove 1
2
32 <<+ k . Now we set 
)(ln σρξ B+= ,                             (34) 
from (32) we therefore obtain 
) ,sn( kAv ξ= ,                              (35) 
where ) ,sn( kAξ  is one of Jacobian elliptic functions. 
From (31), 
21
/
v
AA
u
−
±= +− ; according to (28) we can prove that 
21
/
v
AA
u
−
−= +−  corresponds 
to ; and (29) shows that what we need is 00 ≤≤− + rAr −
+
− ≤≤ 1u
A
A , namely, ; we 
therefore take  
∞<≤ rr0
) ,cn(
/
) ,(sn1
/
1
/
22 kA
AA
kA
AA
v
AA
u ξξ
+−+−+− =
−
=
−
+= .                 (36) 
But we must note that the transformation of variable (31), and further, (36) leads to the 
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negative r could be unavoidable if we use the standard theory of elliptic function. 
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3 Result and discussion 
Inserting (38) and (40) into (5), and considering (7), we obtain a dynamic isotropic metric of 
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 are expressed by (38) and (44) for the case of r and 
, or by (42) and (45) for the case of 
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The dynamic isotropic metric expressed by (52) has the following characters:  
①  The metric is periodic, because all the periods of the Jacobian elliptic functions 
),sn( kAξ , ),cn( kAξ  and ),dn( kAξ  are the same. The reason that the metric is periodic is 
obvious: the all periodic functions ),sn( kAξ , ),cn( kAξ  and dn( ), kAξ  are introduced by the 
coordinate transform (37) and (51), or (41) and (51), respectively. 
② There are infinite singularities of the spacetime at 
+
−=
A
A
kA ),cn( ξ , from (39) we know 
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that all these singularities correspond to ∞=r for the case of ∞<≤ rr0  and ; 
and at 
+−≤<∞− Arr 0 
1),cn( =kAξ , from (41) we know that all these singularities correspond to r=0 for the case 
of . Another singularity is 0≤≤+ rA0−r 0=ρ  for the both cases. However, from 







=
R
≤≤
∞<≤
+ 0
 and  
rA
r













=
12
2
12
2
2
0
42
0
42
ArMG
c
ArMG
c
R µνρσµνρσ
−≤ + ;0 Arr
   ,
   ,
6
6
+
−=
A
A
k),Aξ ∞<r +Ar0
00 ≤≤− + rAr
µνρσµνρσ RR
0r
0=
2
2
c
MG=
2
2
c
MGr <
0
  ( ) ( )
( ) ( ) −−

 +
<∞−+

 −


+
−
−
+
−
−
 of case for the
1),cn(
),cn(
  of case for the
1),cn(
),cn(
12
066
066
6
2
2
r
kA
A
A
kA
r
kA
A
A
kA
rc
MG
ξ
ξ
ξ
ξ
  (53) 
we can see obviously that the spacetime are well-behaved at all singularities satisfying 
cn( for the case of ≤r0 and −≤<∞− r , and has infinite honest 
singularities when 1),cn( =kAξ  which correspond to r=0 for the case of , 
respectively; as for the point of 0=ρ , the spacetime is still well-behaved, although  
is uncertain (because −∞=→ ρρ lnlim0 ), at that point.  
③ The metric cannot cover with the range of , on the other hand,  can be small 
discretionarily if and only if |D| is big enough. 
),0( 0r
④ The application of the standard theory of elliptic functions leads us to have to face the 
range of negative r, even if we try to look for other transformation of variable but not that of (31), 
because the metric expressed by (52) is a solution of the Einstein equation , we can also 
ask the question that what is the relation between the metric expressed by (52) and the 
Schwarzschild metric expressed by (1)? 
µνR
How to understand this property? Maybe, is there “space outside space” just as there exists 
“time after time” (for example, a infalling astronaut to cross r  needs infinite time from 
our point of view, however, a finite fixed interval of his proper coordinates)?  
A point of view deems that r is as time coordinate when , if so then the case of 
 is comprehensible: It means the time before the moment of r=0. However, from (1) we can 
see that, formally, r is still space coordinate when 
<r
0<r . 
This question will be studied in further. 
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